In this paper, the homotopy analysis method is applied to obtain the solution of nonlinear fractional partial differential equations. The method has been successively provided for finding approximate analytical solutions of the fractional nonlinear Klein-Gordon equation. Different from all other analytic methods, it provides us with a simple way to adjust and control the convergence region of solution series by introducing an auxiliary parameter . The analysis is accompanied by numerical examples. The algorithm described in this paper is expected to be further employed to solve similar nonlinear problems in fractional calculus.
Introduction
In this paper, we consider the fractional nonlinear Klein-Gordon equation
where u is a function of x and t, a and b are real, g is a nonlinear function, and f is a known analytic function. The Klein-Gordon equation plays an important role in mathematical physics. The homotopy perturbation method (HPM) has been successively applied for finding approximate analytical solutions of the fractional nonlinear Klein-Gordon equation which can be used as a numerical algorithm [] . Analytical approach that can be applied to solve nonlinear differential equations is to employ the homotopy analysis method (HAM) [-]. Chowdhury and Hashim have employed HPM for solving Klein-Gordon equations [] . The main aim of this work is to apply the HPM to solve the nonlinear Klein-Gordon equations of fractional order. An account of the recent developments of HAM was given by Liao [] . HAM has been successfully applied in engineering fields. The method has been applied to give an explicit solution for the Riemann problem of the nonlinear shallowwater equations [] . The homotopy analysis method is applied to solve linear and nonlinear fractional partial differential equations (fPDEs) [ 
Definitions

The Mittag-Leffler function
The Mittag-Leffler function is an important function that finds widespread use in the world of fractional calculus. Just as the exponential naturally arises out of the solution to integer order differential equations, the Mittag-Leffler function plays an analogous role in the solution of non-integer order differential equations. In fact, the exponential function itself is a very special form, one of an infinite set, of this seemingly ubiquitous function. Here, mth derivatives of Mittag-Leffler functions [] are given
A two-parameter function of the M-L (Mittag-Leffler) type is defined by the series ex-
Laplace's transform of fractional order
The Laplace transform of a function f (t), denoted by F(s), is defined by the equation
If n ∈ N , then by the theory of the Laplace transform, we know that
In this section several integrals associated with Mittag-Leffler functions are presented, which can be easily established by the application of beta and gamma function formulas and other techniques [],
We obtain, from the equation, a pair of Laplace transforms of the function
Fractional calculus
We have well-known definitions of a fractional derivative of order α >  such as RiemannLiouville, Grunwald-Letnikow, Caputo, and generalized functions approach [, ]. The most commonly used definitions are those of Riemann-Liouville and Caputo. We give some basic definitions and properties of the fractional calculus theory, which are used throughout the paper.
Definition . A real function f (x), x > , is said to be in the space
, and it is said to be in the space C
Definition . The Riemann-Liouville fractional integral operator of order α ≥  of a function f ∈ C μ , μ ≥ -, is defined as
It has the following properties. For f ∈ C μ , μ ≥ -, α, β ≥ , and γ > ,
The Riemann-Liouville fractional derivative is mostly used by mathematicians, but this approach is not suitable for physical problems of the real world since it requires the definition of fractional order initial conditions which have no physically meaningful explanation yet. Caputo introduced an alternative definition which has the advantage of defining integer order initial conditions for fractional order differential equations.
Definition . The fractional derivative of f (x) in the Caputo sense is defined as
The Caputo fractional derivative is used here because it allows traditional initial and boundary conditions to be included in the formulation of the problem.
Definition . For m to be the smallest integer that exceeds α, the Caputo time-fractional derivative operator of order α >  is defined as
Homotopy analysis method
We apply the homotopy analysis method to the discussed problem. Let us consider the fractional differential equation,
Based on the constructed zero-order deformation equation by Liao (), we give the following zero-order deformation equation in the similar way:
L is an auxiliary linear integer order operator and it possesses the property L(C) = , U is an unknown function.
Expanding U in Taylor series with respect to q, one has These equations can be easily solved using software such as Maple, Mathlab and so on.
Application
We rewrite the equation in an operator form,
which gives, according to Caputo, that
We define, according to the equation, the linear and nonlinear operator, 
Conclusion
In this study, the homotopy analysis method with new strategies has been employed to obtain an approximate analytical solution of fractional nonlinear Klein-Gordon equations. It is quite important to notice that a higher number of iteration and higher order of p are needed to gain more accuracy.
This work illustrates the validity and great potential of the homotopy analysis method for nonlinear fractional partial differential equations. The basic ideas of this approach are expected to be further employed to solve other nonlinear problems in fractional calculus.
